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3
Branch-and-cut-and-price algorithm for the

vehicle routing problem with multiple time

windows

In the vehicle routing problem with multiple time windows (VRPMTW), every cus-

tomer has multiple non-overlapping time windows in which it is available for ser-

vice. Different departure times from the depot can lead to different waiting times

at customers, since various selections of time windows are possible. To minimize

the total route duration, not only the customer sequence but also the departure

time from the depot has to be determined. Since the problem complexity increases

significantly compared to the single time window case, all existing solution methods

for the VRPMTW are based on heuristics. We propose the first exact algorithm for

the VRPMTW that is based on a branch-and-cut-and-price approach. The master

problem is a set covering problem and the pricing problem is an elementary shortest

path problem with multiple time windows in which the departure time from the depot

needs to be decided on for each individual route. The master problem is solved using

column generation and a tailored labeling algorithm is proposed to solve the pricing

problem. Our algorithm is able to solve instances up to 100 customers.

This chapter is based on:

M. Hoogeboom, S. Dabia, and W.E.H. Dullaert. Branch-and-cut-and-price algorithm

for the vehicle routing problem with multiple time windows. Under revision at Trans-

portation Research Part E: Logistics and Transportation Review.

3.1 Introduction

In the vehicle routing problem with multiple time windows (VRPMTW) every customer

has multiple time windows in which it is available for service. The service at every

customer has to start in one of its time windows and vehicles are not allowed to arrive
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after closing time of the last time window. If a vehicle arrives before or between time

windows, service start time is postponed until the start of the next time window.

The objective of the problem is to minimize the total duration of all routes in the

solution, while ensuring that all customers are visited only once and the time windows

and capacity constraints are satisfied. Because of the presence of time windows, the

duration of a route does not only depend on the customer sequence but also on the

departure time from the depot. As illustrated in Figure 3.1, different departure times

from the depot correspond to a different selection of time windows, impacting vehicle

waiting times. Compared to the VRP with only a single time window per customer,

complexity increases significantly. In fact, to minimize the duration of a given route, the

optimal time window combination and the corresponding optimal departure time from

the depot has to be determined. The VRPMTW arises in many delivery operations,

for example in long-haul transport (Goel and Kok [2012], Rancourt et al. [2013]), in

distribution of industrial gases (Pesant et al. [1999]), and in city trips of tourists to

various attractions (Souffriau et al. [2013]).

Figure 3.1: The time schedules for three different departure times are shown for a route
with three customers which all have two time windows. The doted vertical
line represent the waiting time.

To the best of our knowledge, all existing algorithms to solve the VRPMTW are

based on heuristic approaches and no exact algorithm exists for this problem. We

are the first to propose a branch-and-cut-and-price (BCP) algorithm to exactly solve

the VRPMTW. In BCP, the LP relaxation of the master problem is solved by column

generation in each node of the branch-and-bound tree. Similar to the VRP with a

single time window, the master problem is formulated as a set covering. However,

the pricing problem of the VRPMTW is an elementary shortest path problem with

resource constraints, where the constrained resources represent the vehicle capacity and

the multiple time windows. To account for the multiple time windows, we propose a

tailored labeling algorithm to solve the pricing problem. New strong dominance criteria

are proposed to make the problem tractable. To accelerate the pricing algorithm,

a bidirectional search is performed and a heuristic method is used to find columns

with negative reduced cost. Furthermore, subset-row cuts are included to strengthen
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the lower bounds in the branch-and-bound tree. The proposed BCP algorithm solves

instances up to 100 customers and five to ten time windows per customer to optimality

within one hour computation time. These optimal solutions can be used as a benchmark

to test the performance of new heuristic solution methods.

The cost of a route (column) in the master problem is equal to its minimum duration.

In the literature on routing with multiple time windows, exact algorithms are proposed

to calculate the minimal duration of a route or path which are used in heuristic

solution methods. Hoogeboom et al. [forthcoming] showed that their exact route

duration minimization algorithm outperforms the approaches of Tricoire et al. [2010],

and Belhaiza et al. [2014] in terms of average and worst-case complexity. To solve the

pricing problem, this chapter proposes a novel labeling algorithm in which the start

time intervals introduces in Hoogeboom et al. [forthcoming] are used to determine the

minimum duration of a path.

This chapter is organized as follows. The relevant literature is reviewed in Section 3.2

and the problem is formally described in Section 3.3. In Section 3.4, the components

of the BCP are described including the details of the labeling algorithm used to solve

the pricing problem. The results are reported in Section 3.5 and the conclusions are

presented in the last section.

3.2 Literature review

The vehicle routing problem with time windows (VRPTW) is extensively studied in the

literature. Recent surveys on exact and heuristic solution methods for this problem can

be found in Bräysy and Gendreau [2005b], Kallehauge [2008], Gendreau and Tarantilis

[2010], Desaulniers et al. [2014]. This literature review focuses on the VRPMTW and

briefly examines the state-of-the-art exact algorithms for the VRPTW.

Recently, there has been a growing interest in routing problems with multiple time

windows. Multiple time windows are addressed in the traveling salesman problem

(Pesant et al. [1999], Hurka la [2015]), the truck driving scheduling problem (Goel

and Kok [2012]), and the team orienteering problem (Tricoire et al. [2010], Souffriau

et al. [2013]). Favaretto et al. [2007] were the first to work on the VRPMTW. They

presented an ant colony heuristic to solve the problem, but did not propose an exact

method to find the optimal departure time for a given route. Belhaiza et al. [2014]

improved the results of Favaretto et al. [2007] by using an exact method to determine

the minimum route duration for a given route in a heuristic framework. Hoogeboom

et al. [forthcoming] showed that their exact route duration minimization algorithm

outperforms the algorithms of Tricoire et al. [2010] and Belhaiza et al. [2014] in

worst case and average computation time. In their algorithm, the forward (backward)

start intervals represent the feasible start times of servicing a customer such that

the preceding (succeeding) customers in a route are also feasible. These forward and

backward intervals were used to efficiently recalculate the minimum duration for local

search moves in a heuristic solution method. Recently, several papers on various routing
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problems with multiple time windows have been published, see e.g. Beheshti et al.

[2015], Lin and Vincent [2015], Belhaiza [2018], and Hoogeboom and Dullaert [2019].

All these studies propose heuristic solution approaches.

Desrosiers et al. [1984] were the first to use column generation to solve the VRPTW.

This method is extended to a branch-and-price (BP) algorithm in Desrochers et al.

[1992], in which column generation is applied to every node of the branch-and-bound

tree. Adding valid inequalities to a BP algorithm results in a branch-and-cut-and-

price (BCP) algorithm. Therefore, BCP is a combination of a BP algorithm and a

branch-and-cut algorithm. Fukasawa et al. [2006] showed that a BCP algorithm is

more effective than using only a branch-and-price or branch-and-cut algorithm. Since

then, the most promising algorithms for the VRPTW and VRP have been based on

BCP (see e.g. Desaulniers et al. [2008], Baldacci et al. [2011], Toth and Vigo [2014]).

Feillet et al. [2004] proposed algorithms for the elementary shortest path problem with

resource constraints (ESPPRC) which further improved the lower bounds compared to

using the non-elementary version. To speed up the algorithm, Righini and Salani [2006]

proposed a bidirectional dynamic programming algorithm to solve the ESPPRC. All

previous valid inequalities are robust cuts that can be represented in the variables of the

compact formulation. Jepsen et al. [2008] proposed the subset row (SR) inequalities,

which are non-robust cuts based on the variables of the master problem, and showed

that these cuts can be effectively used in a BCP framework. Including SR inequalities

complicates the pricing problem, but when efficiently treated, they can significantly

improve the lower bound of the master problem and reduce computational time. To

accelerate the pricing subproblem, Desaulniers et al. [2008] proposed a tabu search

heuristic to find columns with negative reduced cost. Baldacci et al. [2011] proposed

an effective route relaxation approach, called ng-routes. In this algorithm, a set of

customers close to the latest visited customers are forbidden to be revisited again.

Compared to the objective of minimizing the total travel time, very little attention

was dedicated to minimizing total duration by means of an exact solution approach.

This objective is practically relevant since many companies want to minimize the

duration of the shifts of the drivers (see e.g. Favaretto et al. [2007], Goel and Kok

[2012]). Minimizing the duration increases the complexity of the problem since an

extra decision on the departure time has to be made. Tilk and Irnich [2016] developed

an exact Dynamic Programming algorithm for the minimum tour duration problem

for the traveling salesman problem with time windows. Furthermore, the problem of

minimizing route duration also occurs in the time-dependent vehicle routing problem.

Dabia et al. [2013] propose a labeling algorithm in which ready time functions represent

the time that service is completed at the last node in a partial path given the departure

time from the depot.

We propose a BCP algorithm to exactly solve the VRPMTW. A tailored bidirectional

labeling algorithm is proposed using the start time intervals defined in Hoogeboom

et al. [forthcoming]. Furthermore, SR cuts are used and a heuristic method is applied

to find columns with negative reduced cost.
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3.3 Problem description

The aim of the VRPMTW is to minimize the total duration of all routes in the solution,

while every customer is serviced in one of its multiple time windows and the capacity

restrictions hold.

The VRPMTW is defined on a complete directed graph G = (V,A) with nodes

V = {0, 1, . . . , n, n+ 1} and arc set A = {(i, j) ∈ V × V : i 6= j}. Nodes 0 and

n + 1 represent the origin and destination depot, respectively, and V ′ = {1, . . . , n}
corresponds to the set of customers. A fleet of identical vehicles, denoted by set K,

with capacity Q is available to serve the customers. Each arc (i, j) ∈ A is associated

with a non-negative duration τij. Duration τij includes the service time at node i

and the travel time between nodes i and j. Each node i ∈ V is associated with a

non-negative demand qi and a set of time windows {[e1
i , l

1
i ], [e

2
i , l

2
i ], . . . , [e

|Ti|
i , l

|Ti|
i ]}, with

Ti = {1, 2, . . . , |Ti|} the index set of the time windows. Since overlapping time windows

can be merged, we assume without loss of generality that the time windows associated

with node i ∈ V are non-overlapping, i.e., 0 ≤ e1
i ≤ l1i < e2

i ≤ l2i < . . . ≤ l
|Ti|
i . If

a vehicle arrives within a time window at a customer, the service starts immediately;

otherwise, it waits until the start of the next time window. Arriving at a customer after

its last time window is not allowed. We set q0 = qn+1 = 0 and define [e0, l0] = [en+1, ln+1]

as the single time window of the depot.

A preprocessing procedure is applied to remove or adapt time windows that conflict

with the time window of the depot. After the preprocessing step the time windows

satisfy e0 + τ0i ≤ eti ≤ lti ≤ ln+1 − τin+1 for all i ∈ V ′, and t ∈ Ti. Furthermore, arc

(i, j) is removed from the arc set if e1
i + τij > l

|Tj |
j or if qi + qj > Q.

3.3.1 Set covering formulation

To define the set covering problem, let R be the set of all feasible routes. A route is

feasible if it starts and ends at the depot, and time windows and capacity constraints

are satisfied. The cost of a route r ∈ R is equal to the minimum route duration cr. Let

σir represent the number of times customer i is visited in route r. The binary variable

yr takes the value 1 if route r is included in the solution, otherwise 0. As such, the

VRPMTW can be formulated as the following set covering problem:

min
∑
r∈R

cryr, (3.1)

s.t.
∑
r∈R

σiryr ≥ 1, ∀i ∈ V ′, (3.2)

yr ∈ {0, 1}, ∀r ∈ R. (3.3)

The objective function (3.1) is to minimize the total duration. We use column genera-

tion to solve the linear relaxation of (3.1)–(3.3). Furthermore, only a subset of feasible

routes R′ ⊂ R is initially taken into account, called the restricted master problem.

In every iteration of the column generation, variables (feasible routes) with negative
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reduced costs are added to the restricted master problem. These additional variables

are generated by solving the pricing problem. Let πi ∈ R+, i ∈ V ′ be the dual variables

associated with Constraints (3.2), then the reduced cost of route r is given by:

c̄r = cr −
∑
i∈V ′

σirπi. (3.4)

The pricing problem is an elementary shortest path problem with multiple time win-

dows. Due to the presence of multiple time windows, the pricing problem for the

VRPMTW is more complicated than in the single time window case. In the multiple

time window case, a decision has to be made about which time windows to select per

customer to minimize the duration. To solve the pricing problem we use a labeling

algorithm that is presented in Section 3.4.2.

3.4 Branch-and-cut-and-price algorithm

The branch-and-cut-and-price (BCP) algorithm consists of a branch-and-cut framework

in which in every node of the branch-and-bound tree the linear relaxation of the master

problem is solved by column generation. In this section, the components of the BCP

are discussed. In the first section, the start time intervals are introduced to determine

the minimum duration of a path. These intervals are used in the labeling algorithm to

solve the pricing problem which is discussed in Section 3.4.2. Heuristic approaches to

speed up the pricing algorithm are presented in Section 3.4.3. The branching strategies

and cuts used are described in Section 3.4.4 and 3.4.5, respectively.

3.4.1 Start time intervals

Because of the presence of multiple time windows, different departure times can lead

to a different route duration, as illustrated in Figure 3.1. In Hoogeboom et al. [forth-

coming] forward start time intervals are introduced which represent the start times

of servicing a customer such that the preceding customers in a path can feasibly be

serviced. These forward start intervals are subintervals of the original time windows

of a customer. In Figure 3.2, the forward start intervals are shown in bold for the

customers in path {0, 1, 2, 3}.
A path is defined by the sequence of customers visited, let p = {0, . . . , i} denote a

path. Let Fp be the index set of the forward start intervals of the last customer i in

path p, with [Ep(y), Lp(y)] forward start interval y ∈ Fp. The forward start intervals

are ordered increasingly, i.e., Ep(1) ≤ Lp(1) ≤ Ep(2) ≤ Lp(2) ≤ . . . ≤ Lp(|Fp|). The

forward start interval of the depot is initialized by [e0, l0]. If path p is extended with

arc (i, j) to node j then the forward start intervals of this new path p′ are generated

based on the time windows of customer j and the forward start intervals of path p. If
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Figure 3.2: Start time intervals are presented in bold for the customers in path
{0, 1, 2, 3}.

Ep(y) + τi,j ≤ ltj then a new forward start interval z of path p′ is generated by:

Ep′(z) = max{Ep(y) + τi,j, e
t
j},

Lp′(z) = min{max{Lp(y) + τi,j, e
t
j}, ltj}.

(3.5)

Let dp(y) be the minimal duration of path p when customer i is serviced in for-

ward start time interval y. Therefore, the minimum duration of path p is given by

cp = min{dp(y)|y ∈ Fp}. The minimal duration of the extended path p′ when the

service starts in forward start time interval z is calculated by:

dp′(z) = dp(y) + max{τi,j, etj − Lp(y)} (3.6)

Similar as in Hoogeboom et al. [forthcoming], we only look at dominant forward start

intervals. A forward start interval y ∈ Fp dominates forward start intervals z ∈ Fp if

all feasible arrival times at a potential next customer for interval z are also feasible

for interval y with lower or equal total duration. A forward start interval y ∈ Fp
is dominant if it is not dominated by another forward start interval of path p. For

example, in Figure 3.2 the first forward start interval of customer 1 and the second

time window of customer 2 result in forward start interval [e2
2, e

2
2], here the vehicle has

to wait at customer 2. This interval is dominated by forward start interval [e2
2, l

2
2] which

is generated using the second forward start interval of customer 1, since here the vehicle

does not have to wait. The dominant forward start intervals are non-overlapping and

let F p the index set of the dominant forward start intervals.
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3.4.2 Labeling algorithm

In this section, we describe the labeling algorithm to solve the pricing problem of

the VRPMTW. A bidirectional search is performed in which labels of every node are

extended both forward to its successors and backward to its predecessors. First, the

generation of the forward and backward labels are described, and secondly, merging

forward and backward labels into feasible routes is discussed.

Forward labeling algorithm

In the forward labeling algorithm, labels are extended from every node to its successors,

starting from the depot. Let p(Lf ) be the path corresponding to forward label Lf . A

forward label Lf has the following components:

v(Lf ) The end node of path p(Lf );

S(Lf ) The set of nodes visited by path p(Lf );

q(Lf ) The total quantity delivered to the nodes visited S(Lf );

π(Lf ) The sum of the dual variables associated with the nodes visited;

S (Lf ) The list of dominant forward start time intervals of path p(Lf );

D(Lf ) The list with the durations corresponding to the start intervals in S (Lf ).

The start intervals S (Lf ) are given by [ELf (y), LLf (y)] with duration dLf (y) for all

y ∈ FLf , with FLf the index set. Following Feillet et al. [2004], let S̄(Lf ) be the

extension of set S(Lf ) by adding the nodes that are unreachable from customer v(Lf ),

i.e.,

S̄(Lf ) = S(Lf ) ∪ {i ∈ V : q(Lf ) + qi > Q or ELf (1) + τv(Lf ),i > l
|Ti|
i }.

Here we assume that the triangle inequality holds. In the forward algorithm, path

p(Lf ) is extended with arc (v(Lf ), j) with j /∈ S̄(Lf ) and the forward label L′f of this

new path is generated by the following resource extension functions:

v(L′f ) = j,

S(L′f ) = S(Lf ) ∪ {j},
q(L′f ) = q(Lf ) + qj,

π(L′f ) = π(Lf ) + πj.

The generation of the start time intervals S (L′f ) and corresponding durations D(L′f )

are described in Appendix C.1. Label L′f is feasible if the vehicle capacity is not

exceeded and if it is possible to arrive at node j before the end of the last time window,

i.e., if q(L′f ) < Q and ELf (1) + τv(Lf )j ≤ l
|Tj |
j . Dominance criteria are used to discard

labels leading to non-promising routes. Label L1
f dominates label L2

f if all extensions

of label L2
f are also feasible for L1

f with equal or lower reduced cost. A partial path

P is a feasible extension of path p(Lf ) if it does not visit any customer of S(Lf ),

the capacity used is lower than Q − q(Lf ), and if a vehicle departs at time ELf (1)

from customer v(Lf ) then it is possible to reach node n + 1 without violating time

windows. Let Lf ⊕ P be the label resulting from extending label Lf with P . Since it
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is computationally intensive to generate and check all extensions of L2
f , the dominance

criterion proposed in Proposition 3.1 is used.

To define this criterion, the function δLf (x) is used. Let δLf (x) be the duration of label

Lf when the vehicle departs at time x from customer v(Lf ). If the departure time x

lies in a start time interval y ∈ FLf , i.e., x ∈ [ELf (y), LLf (y)], then δLf (x) = dLf (y).

If the departure time x lies outside a start time interval, i.e., x ∈]LLf (y), ELf (y + 1)[,

then the vehicle has to start service the customer at LLf (y) and then wait until time

x, i.e., δLf (x) = dLf (y) + x− LLf (y). An example of the duration function δLf (x) for

different departure times at customer v(Lf ) is given in Figure 3.3.

Figure 3.3: Example of the duration of path p(Lf ) corresponding to the departure
times at customer v(Lf ).

Assume that labels L1
f and L2

f have the same end node, i.e., v(L1
f ) = v(L2

f ). Then

δL1
f
(x) − δL2

f
(x) is the difference in duration between labels L1

f and L2
f for departure

time x at customer v(L1
f ). This difference in duration is preserved when the labels L1

f

and L2
f are extended with the same label L to the depot. Hence, for departure time x

at customer v(L1
f ), the difference of the complete route duration between label L1

f ⊕L
and L2

f ⊕ L is equal to δL1
f
(x)− δL2

f
(x). The maximum difference in duration over all

departure times of label L2
f is given by

φ(L1
f , L

2
f ) = max{δL1

f
(x)− δL2

f
(x)|x ∈ [EL2

f
(y), LL2

F
(y)] ∀y ∈ FL2

f
}.

If φ(L1
f , L

2
f ) > 0 then for all extensions L of path L2

f the duration of path L1
f ⊕ L is

at most φ(L1
f , L

2
f ) higher than the duration of label L2

f ⊕ L. If φ(L1
f , L

2
f ) < 0 then the

duration of label L1
f ⊕ L is at least φ(L1

f , L
2
f ) lower than the duration of label L2

f ⊕ L.

The value φ(L1
f , L

2
f ) is used to strengthen the condition of the reduced cost in the

dominance criteria in Proposition 3.1.

Proposition 3.1. Label L1
f dominates label L2

f if:

1. v(L1
f ) = v(L2

f ),

2. S(L1
f ) ⊆ S̄(L2

f ),

3. q(L1
f ) ≤ q(L2

f ),
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4. EL1
f
(1) ≤ EL2

f
(1),

5. φ(L1
f , L

2
f ) ≤ π(L1

f )− π(L2
f ).

Proof. See Appendix C.2.

Conditions 1–4 ensure that all feasible extensions of label L2
f are also feasible for label

L1
f . Conditions 4 and 5 ensure that for any feasible extension L of L2

f , the reduced cost

of path p(L1
f ⊕ L) is lower or equal than the reduced cost of path p(L2

f ⊕ L).

The first four conditions are easy to check. Next, it is shown how to check if Condition

5 holds, i.e., how to calculate φ(L1
f , L

2
f ) efficiently.

Calculation of φ(L1
f , L

2
f)

Compare two labels L1
f and L2

f for which Conditions 1–4 of Proposition 3.1 hold. To

show that label L1
f dominates label L2

f we still have to check Condition 5, so we have

to calculate φ(L1
f , L

2
f ).

Algorithm 3.1 Calculation φ(L1
f , L

2
f )

1: initialize φ(L1
f , L

2
f ) = −∞

2: for z ∈ FL2
f

do

3: for y ∈ FL1
f
\{|FL1

f
|} do

4: if [EL2
f
(z), LL2

f
(z)] ∩ [EL1

f
(y), EL1

f
(y + 1)[ 6= ∅ then . overlapping

5: x = min{LL2
f
(z), EL1

f
(y + 1)− ε}

6: φ = dL1
f
(y)− dL2

f
(z) + max{x− LL1

f
(y), 0}

7: update φ(L1
f , L

2
f ) if φ > φ(L1

f , L
2
f )

8: end if
9: if LL2

f
(z) < EL1

f
(y + 1) then . go to next start time interval of label L2

f

10: break
11: end if
12: end for
13: end for
14: return φ(L1

f , L
2
f )

To determine φ(L1
f , L

2
f ), we have to calculate δL1

f
(x)− δL2

f
(x) for ∀x ∈ [EL2

f
(z), LL2

f
(z)]

with z ∈ FL2
f
. In Algorithm 3.1, the pseudo-code of the calculation of φ(L1

f , L
2
f ) is given

in which ε denotes an arbitrary small value. The start time interval z ∈ FL2
f

are com-

pared with the intervals [EL1
f
(y), EL1

f
(y+1)[ with y ∈ FL1

f
\{|FL1

f
|}. If the intervals over-

lap (lines 4–8), i.e., if I = [EL2
f
(z), LL2

f
(z)]∩ [EL1

f
(y), EL1

f
(y+1)[6= ∅, then for departure

time x ∈ I the duration of label L1
f is given by δL1

f
(x) = dL1

f
(y) + max{t− LL1

f
(y), 0}

and δL2
f
(x) = dL2

f
(z) for label L2

f . Hence, for departure time x ∈ I the difference in

duration is given by δL1
f
(x)−δL2

f
(x) = dL1

f
(y)−dL2

f
(z)+max{x−LL1

f
(y), 0} for which the

maximum is obtained at the highest value of x, i.e., at x = min{LL2
f
(z), EL1

f
(y+1)−ε}.

Therefore, if the segments overlap we only have to calculate the difference in duration

for departure time x = min{LL2
f
(z), EL1

f
(y + 1)− ε}.
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Note that since the start time intervals are stored in increasing order, we do not have

to compare all combinations of z ∈ FL2
f

and y ∈ FL1
f
. If LL2

f
(z) < EL1

f
(y + 1) then

the difference in duration is calculated for all departure times in start time interval z,

so the algorithm goes to the next interval of S (L2
f ) (lines 9–11). In this way at most

|FL1
f
|+ |FL2

f
| − 1 combinations have to be checked.

An example of comparing the durations of δL1
f
(x) and δL2

f
(x) is given in Figure 3.4.

Figure 3.4: Example of duration functions δL1
f
(x)(grey graph) and δL2

f
(x)(black graph).

The thin arrows represent δL1
f
(x) − δL2

f
(x) of two segments and the thick

arrow represents φ(L1
f , L

2
f ).

Backward labeling algorithm

The backward labeling algorithm is similar to the forward labeling algorithm, only the

backward labels are extended from the depot to its predecessors. The backward label

Lb with corresponding path p(Lb) consists of the following components:

v(Lb) The first node of path p(Lb);

S(Lb) The set of nodes visited by path p(Lb);

q(Lb) The total quantity delivered to the customers S(Lb);

π(Lb) The sum of the dual variable associated with the nodes visited;

S (Lb) The list of dominant backward start time intervals of path p(Lb);

D(Lb) The list with the durations corresponding to S (Lb).

The backward start time intervals S (Lb) represent the start times at customer v(Lb)

such that the succeeding customers in path p(Lb) can be feasibly serviced. Since the

service at a customer can only start in one of its time windows, the backward start

times intervals lie within the time windows of customer v(Lb). Let BLb the index set of

the backward start intervals of label Lb, with [ELb(y), LLb(y)] and dLb(y) the backward

start interval and corresponding duration of y ∈ BLb , respectively. The minimum

duration of path p(Lb) can be calculated by miny∈BLb dLb(y). Similar as in de forward

labels only the dominant backward start intervals are considered which are represented

by BLb .

Let S̄(Lb) be the set of nodes that are unreachable from node v(Lb), i.e.,

S̄(Lb) = S(Lb) ∪ {i : q(Lb) + qi > Q or e1
i + τi,v(Lb) > LLb(|BLb|)}.
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In the backward labeling algorithm, the label Lb is extended along arc (j, v(Lb)), with

j /∈ S̄(Lb), to create a new label L′b. Label L′b is a feasible extension of label Lb if

q(Lb) + qj ≤ Q and e1
j + τj,v(Lb) ≤ LLb(|BLb|). The resource extension functions are

given by:

v(L′b) = j,

S(L′b) = S(Lb) ∪ {j},
q(L′b) = q(Lb) + qj,

π(L′b) = π(Lb) + πj.

The generation of the backward start intervals and corresponding duration is sim-

ilar to the generation of the forward start intervals. To limit the number of la-

bels, the dominance criterion of Proposition 3.2 is used. To define this criterion,

the duration function δLb(x) is used. Let δLb(x) be the duration of label Lb when

a vehicle arrives at time x at customer v(Lb). An example of the duration func-

tion δLb(x) of label Lb for different arrival times at customer v(Lb) is given in Fig-

ure 3.5. If the arrival time x lies in a backward start time interval y ∈ BLb , i.e.,

x ∈ [ELb(y), LLb(y)] then δLb(x) = dLb(y). If the arrival time x lies outside a start time

interval x ∈]LLb(y − 1), ELb(y)[, then the vehicle has to wait until time ELb(y) before

the service can start, so δLf (x) = dLb(y) + ELb(y)− x. The value

φ(L1
b , L

2
b) = max{δL2

b
(y)− δL1

b
(y)| ∀y ∈ [EL2

f
(y), LL2

f
(y)] ∀y ∈ BL2

b
}

represents the maximum difference in duration between label L1
b and L2

b .

Figure 3.5: Example of the duration of path p(Lb) corresponding to the start times at
customer v(Lb).

Proposition 3.2. Label L1
b dominates label L2

b if:

1. v(L1
b) = v(L2

b),

2. S(L1
b) ⊆ S̄(L2

b),

3. q(L1
b) ≤ q(L2

b),
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4. LL1
b
(|BL1

b
|) ≥ LL2

b
(|BL2

b
|),

5. φ(L1
b , L

2
b) ≤ π(L1

f )− π(L2
f ).

The proof of Proposition 3.2 is similar to that of Proposition 3.1. Conditions 1–4

ensure that all feasible extensions of label L2
b are also feasible for label L1

b . The last

two conditions ensure that the reduced cost of path p(L ⊕ L1
b) is lower or equal than

the reduced cost of path p(L⊕L2
b), for all feasible extensions L of label L2

b . Again, the

first four conditions are easy to check. To determine if Condition 5 holds, we have to

calculate φ(L1
b , L

2
b).

Calculation of φ(L1
b, L

2
b)

Similar to the forward labeling algorithm, calculating φ(L1
b , L

2
b) requires us to calculate

δL2
b
(x) − δL1

b
(x), for all x ∈ [ELb(z), LLb(z)] and z ∈ BL2

b
. To do this, each start time

interval z ∈ BL2
b

is compared with the intervals ]LL1
b
(y− 1), LL1

b
(y)] with y ∈ BL1

b
\{1}.

If the intervals overlap, i.e., if I = [EL2
b
(z), LL2

b
(z)]∩]LL1

b
(y − 1), LL1

b
(y)] 6= ∅, then for

arrival time x ∈ I the duration is given by δL1
b
(x) = dL1

b
(y) + max{EL1

f
(y)− x, 0} and

δL2
b
(x) = dL2

b
(z). Hence, for arrival times x ∈ I the difference in duration is given by

δL1
b
(x) − δL2

b
(x) = dL1

b
(y) − dL2

b
(z) + max{EL1

f
(y) − x, 0} for which the maximum is

obtained at the minimum value of x, i.e., at x = min{EL2
b
(z), LL1

f
(y − 1) + ε} with ε

an arbitrary small value. Therefore, if the intervals overlap we only have to calculate

the difference in duration for arrival time x = min{EL2
b
(z), LL1

f
(y − 1) + ε}.

Merging forward and backward labels

Feasible routes with negative reduced cost can be found by merging the forward and

backward labels. A forward label Lf and a backward label Lb can be merged if

(v(Lf ), v(Lb)) ∈ A, S(Lf ) ∩ S(Lb) = ∅, q(Lf ) + q(Lb) ≤ Q and ELf (1) + τ(v(Lf ),v(Lb) ≤
LLb(|BLb|). The resulting new label L = Lf ⊕ Lb has the following attributes

v(L) = n+ 1,

π(L) = π(Lf ) + π(Lb),

q(L) = q(Lf ) + q(Lb),

S(L) = S(Lf ) ∪ S(Lb).

The pseudo-code of the generation of the forward start intervals and corresponding

duration of label L is given in Appendix C.3. An example of merging the forward and

backward start intervals and the calculation of the total duration of the entire route

is given in Figure 3.6. The total duration of label L is the sum of the duration of the

forward label, the duration of the backward label, the travel time between v(Lf ) and

v(Lb), and the possible waiting time at customer v(Lb). Therefore, the minimum route
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duration of label L is determined by:

min{dLf (y) + dLb(z) + τv(Lf )v(Lb) + max{0, ELf (y)− LLb(z)− τv(Lf )v(Lb)}
| ELf (y) + τv(Lf )v(Lb) ≤ LLb(z)}

= min{dL(y) ∈ D(L)}

Figure 3.6: Example of a merge between the forward start intervals of label Lf and the
backward start intervals of label Lb. The corresponding total route durations of
label L are presented in the boxes, with w the waiting time at customer v(Lb)

The forward labels are extended based on increasing value of ELf (1), i.e., the earliest

start time at the final customer. The backward labels are extended based on decreasing

value of the latest start time at v(Lb), LLb(|BLb|). Let F be the lowest ELf (1) of the

generated forward labels and let B be the highest LLb(|BLb |) of the backward labels.

The generated forward and backward labels are merged when F > B or when a given

maximum number of labels is reached. In our implementation we use 50,000 as the

maximum number of labels.

3.4.3 Acceleration strategies

Heuristic solution method

To accelerate the column generation algorithm, a heuristic approach is used to find

routes with negative reduced cost in the pricing algorithm. These routes are added

to the master problem and only when the heuristic algorithm fails to find new routes,

the exact labeling algorithm is called. In our heuristic approach, a reduced graph is

used that includes only the k cheapest arcs for each node i. The reduced cost of arc

(i, j) is given by τij − πj, with πj the dual variable associated with Constraint (3.2) of

the master problem. We start with a reduced graph with only the two cheapest arcs

leaving every node, increasing to a graph with 20 arcs leaving every node.

For this heuristic approach, relaxed dominance criteria are used; Conditions 1 and 4

of Propositions 3.1 and 3.2 are still imposed and we check the minimum duration and
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the minimum reduced cost of the labels. Hence, L1
f dominates label L2

f if Conditions

1 and 4 of Proposition 3.1 hold and if

min
y∈F

L1
f

{dL1
f
(y)} ≤ min

z∈F
L2
f

{dL2
f
(z)} and

min
y∈F

L1
f

{dL1
f
(y)} − π(L1

f ) ≤ min
z∈F

L2
f

{dL2
f
(z)} − π(L2

f )

hold. Similar conditions hold for the backward heuristic labeling algorithm.

ng-path relaxation

To speed up the pricing problem, path relaxations allowing non-elementary paths are

often used. As reported in Section 3.5.1 we have tested the ng-paths introduced in Bal-

dacci et al. [2011]. Let P = {0, i1, i2, . . . , ik} be a path. In the ng-path relaxation, sub-

set γ(P ) contains the customers that path P is prohibited to extend to. For every cus-

tomer i, let Ni ⊂ V be a subset of the ∆ nearest customers including customer i itself.

The subset γ(P ) consists of the customers in path P that are also included in the subsets

Ni of the preceding customers, i.e., γ(P ) = {ir|ir ∈ ∩kv=r+1Niv , r = 1, . . . k − 1} ∪ {ik}.
If ∆ = |V ′| then the ng-path relaxation is equal to solving the elementary shortest

path problem. The computational complexity decreases by using a smaller value for

∆, but if ∆ is too small, then many cycles can be included in the ng-paths.

3.4.4 Branching

In the branch-and-bound tree, the arc-flow variables xij are used to branch on with

(i, j) ∈ A. First, the edges with flow close to 0.5 are selected and two branches with

xij + xji ≤ 0 and xij + xji ≥ 1 are constructed. Secondly, if xij + xji is integer for all

(i, j) ∈ A then the algorithm looks for arcs xij with a fractional value close to 0.5 and

branches on these arcs.

Strong branching is used to explore the branch-and-bound tree, i.e., every time a

branching decision has to be made different branching candidates are evaluated. For

each branching candidate, the lower bound of the corresponding child nodes are es-

timated using the heuristic pricing detailed in Section 3.4.3. When evaluating the

branching candidates, the following score function is used 3
4

min{l0, l1}+ 1
4

max{l0, l1},
with l0 and l1 the lower bounds in the two branch-and-bound nodes. The branch that

maximizes this score function is selected to branch on.

3.4.5 Subset-row cuts

The subset-row (SR) inequalities introduced by Jepsen et al. [2008] are used to strengthen

the lower bound in the branch-and-bound tree. The subset row inequalities are Chvátal-
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Gomory rank 1 cuts and can be defined as:

∑
r∈R

⌊∑
i∈S σir

k

⌋
yr ≤

⌊
|S|
k

⌋
∀S ⊆ V ′, 2 ≤ k ≤ |S|. (3.7)

Similarly to Jepsen et al. [2008], we consider only cuts defined for a subset of three

customers (i.e., |S| = 3 and k = 2), since they are easy to separate with a simple

enumeration. In each branch-and-bound node, SR cuts are added to the relaxed

master problem. The set of active SR cuts is defined by C and let µq be the dual

variable corresponding to SR cut q ∈ C. The dual variable µq ∈ R must be subtracted

from a path’s reduced cost when this path visits at least two times a customer of the

corresponding customer subset Sq. We follow Jepsen et al. [2008] and Desaulniers et al.

[2008] in modifying dominance criterion Condition 5 in Proposition 3.1 by:

π(L1
f ) +

∑
q∈Q12

µq ≥ π(L2
f )− φ(L1

f , L
2
f ), (3.8)

with Q12 the SR cuts which may be active when extending L1
f all the way to the depot

but are not active when extending L2
f . Using this modified dominance condition, the

lower bounds increase so that more branch-and-bound nodes can be pruned. However,

when too many SR cuts are added the algorithm can be slow. Therefore, we only add

a cut when the violation is at least 0.1 and a customer can only be used in one cut per

branch and bound node, i.e., the added SR subsets are disjoint. Furthermore, in total

a maximum of 50 cuts are included in the formulation and the most violated cuts are

selected. During the algorithm, inefficient SR cuts that are not used are deleted from

the formulation so that there is room for new cuts.

3.5 Results

The proposed algorithm is implemented in Java and executed on a single core of a

Windows 10 computer with a 4.0 GHz Intel core i7 processor and 24GB memory. The

Gurobi 7.5 solver is used to solve the linear programming relaxations of the master

problem. Unless stated otherwise, a time limit of one hour computation time is used.

Belhaiza et al. [2014] generated VRPMTW instances from the well-known VRPTW

Solomon dataset (Solomon [1987]). The instances are divided into three customer

distribution classes, being random R, clustered C, and randomly clustered RC. Per

class there are instances with a long and short time horizon, denoted by 1 and 2,

respectively. In all instance sets (RM, RCM, CM), the first instances have 5–10 time

windows per customer, this amount decreases to 1–3 time windows for the last instances

in a set.

Similar as in Kallehauge et al. [2005] and Kohl et al. [1999], the distance between node

i and j is calculated by dij = b10×eijc, with eij the Euclidean distance between node i

and j. To satisfy the triangle inequality, one is added to all travel times. Therefore, the

arc duration is given by τij = dij + 10× si + 1, with si the service time at node i. The
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final solution value is calculated by subtracting the number of customers and dividing

by 10. Owing to this transformation, the optimal results can be slightly different

from the results found by heuristic solution methods that have a real valued objective

function.

In this section, three types of experiments are conducted. First, the branch-and-price

(BP) algorithm is used to show the benefit of using different acceleration strategies.

Secondly, SR cuts are included to the model such that the BP and BCP algorithm

can be compared. These two sets of experiments are performed on the set 1 Solomon

instances. In the last experiments, the BCP algorithm is used to test instances with a

large number of customers and the set 2 instances since these are more challenging.

3.5.1 Acceleration strategies

Bidirectional search

The gains of using a bidirectional labeling algorithm, with forward and backward

labels compared to a monodirectional labeling algorithm using only forward labels,

is illustrated in Table 3.1. This experiment is conducted on the BP algorithm with

elementary paths. The name of the instance and the number of customers are indicated

in the first and second column, respectively. The computational time in seconds is

given in the column “time” and the lower bound of the root node is presented in

column “rootLB”. The best found lower and upper bound are reported in the columns

“bestLB” and “UB”, respectively. The number of branch-and-bound nodes explored

in the BCP algorithm is presented in column “Nnode”.

For all instances, the bidirectional labeling algorithm is significantly faster than the

monodirectional algorithm. For the instances with 25 customers, the bidirectional

search is, on average, 15 times faster than the monodirectional search. For the 25

customer instances, the monodirectional search can solve all but one instance. How-

ever, for the 50 customer instances, many instances remain unsolved when using the

monodirectional search that are solved in the bidirectional case. Especially for the

random instances, the bidirectional search is more effective in solving instances. Hence,

the bidirectional approach provides a significant acceleration for the labeling algorithm.

The average number of explored nodes is similar for both approaches, when excluding

the unsolved instances.

ng-path relaxation

The results of the BP algorithm using elementary paths and ng-path in the labeling al-

gorithm, on instances with 25 and 50 customers, are reported in Table C.1 in Appendix

C.4. The results of both algorithms are similar. The same set of instances are solved to

optimality and the lower bounds and the number of explored branch-and-bound nodes

are comparable. The average computational time of the algorithm using elementary

paths is slightly lower compared to using the ng-paths. The elementary paths are

faster in 17 instances and the ng-paths in nine instances; in the other instances the
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monodirectional bidirectional

Instance |N ′| time rootLB bestLB UB Nnode time rootLB bestLB UB Nnode

rm101 25 7 662.0 671.6 671.6 22 3 662.0 671.6 671.6 18
rm102 25 41 622.9 639.2 639.2 100 15 622.9 639.2 639.2 102
rm103 25 9 623.5 626.9 626.9 8 2 623.5 626.9 626.9 8
rm104 25 33 625.0 635.8 635.8 62 6 625.0 635.8 635.8 54
rm105 25 20 613.3 625.2 625.2 22 4 613.3 625.2 625.2 22
rm106 25 2 619.1 622.6 622.6 2 1 619.1 622.6 622.6 2
rm107 25 30 626.7 636.5 636.5 60 6 626.7 636.5 636.5 56
rm108 25 6 612.7 619.6 619.6 22 3 612.7 619.6 619.6 18
rcm101 25 28 548.2 548.2 548.2 0 1 548.2 548.2 548.2 0
rcm102 25 8 578.7 578.7 578.7 0 1 578.7 578.7 578.7 0
rcm103 25 10 557.1 557.1 557.1 0 0 557.1 557.1 557.1 0
rcm104 25 16 559.8 559.8 559.8 0 1 559.8 559.8 559.8 0
rcm105 25 6 561.1 561.1 561.1 0 1 561.1 561.1 561.1 0
rcm106 25 8 569.6 569.6 569.6 0 0 569.6 569.6 569.6 0
rcm107 25 3 574.7 574.7 574.7 0 0 574.7 574.7 574.7 0
rcm108 25 1 581.2 581.2 581.2 0 0 581.2 581.2 581.2 0
cm101 25 1952 2497.6 2511.5 2511.5 136 64 2497.6 2511.5 2511.5 146
cm102 25 2367 2475.7 2490.7 2490.7 322 95 2475.7 2490.7 2490.7 266
cm103 25 433 2492.5 2512.1 2512.1 92 32 2492.5 2512.1 2512.1 130
cm104 25 397 2503.2 2522.3 2522.3 310 51 2503.2 2522.3 2522.3 322
cm105 25 - 2462.5 2464.5 - 8 354 2462.5 2474.4 2474.4 584
cm106 25 786 2467.6 2467.9 2467.9 2 6 2467.6 2467.9 2467.9 4
cm107 25 41 2480.2 2486.4 2486.4 10 5 2480.2 2486.4 2486.4 12
cm108 25 122 2464.0 2464 2464 0 1 2464.0 2464 2464 0

average 413.6 1224.1 1230.3 49.1 27.2 1224.1 1230.7 72.7

rm101 50 290 1147.5 1159.6 1159.6 36 27 1147.5 1159.6 1159.6 36
rm102 50 - 1096.4 1113.9 - 154 868 1096.4 1120.6 1120.6 1024
rm103 50 - 1080.6 1090.6 1095.2 66 358 1080.6 1095.2 1095.2 296
rm104 50 - 1081.7 1092.6 - 70 353 1081.7 1097.2 1097.2 334
rm105 50 - 1066.4 1075.7 - 31 270 1066.4 1080.3 1080.3 198
rm106 50 - 1093.7 1105.2 - 135 418 1093.7 1109.4 1109.4 464
rm107 50 - 1080.0 1092.5 - 123 286 1080.0 1095.2 1095.2 272
rm108 50 3005 1088.0 1105.8 1105.8 806 494 1088.0 1105.8 1105.8 858
rcm101 50 1003 1035.9 1035.9 1035.9 0 15 1035.9 1035.9 1035.9 0
rcm102 50 - 1095.9 1108.9 - 101 - 1095.9 1127.3 - 1971
rcm103 50 - 1067.1 1078.7 - 64 - 1067.1 1099.3 1182.7 1404
rcm104 50 - 1069.1 1081.8 - 47 - 1069.1 1103.0 1143.4 1402
rcm105 50 80 1066.6 1066.6 1066.6 0 4 1066.6 1066.6 1066.6 0
rcm106 50 - 1090.9 1099.6 - 52 - 1090.9 1118.6 1205.1 1786
rcm107 50 1125 1150.3 1187.9 1187.9 424 144 1150.3 1187.9 1187.9 366
rcm108 50 339 1175.9 1210.1 1210.1 202 44 1175.9 1210.1 1210.1 174
cm101 50 - 4984.0 4984.0 - 2 - 4984.0 5000.6 5014.8 1170
cm102 50 - 4968.1 4972.8 - 13 - 4968.1 4987.2 - 2310
cm103 50 - 4994.6 5005.7 - 19 - 4994.6 5017.5 - 3696
cm104 50 - 5013.6 5023.8 - 50 - 5013.6 5034.9 - 6000
cm105 50 - 0.0 0.0 - 0 - 4917.5 4928.3 - 795
cm106 50 - 4928.3 4928.3 - 1 - 4928.3 4945.4 - 1085
cm107 50 - 4968.7 4978.1 - 22 200 4968.7 4986.0 4986 164
cm108 50 - 4923.3 4924.6 - 5 475 4923.3 4935.3 4935.3 174

average 2943.4 2177.8 2188.4 101.0 1664.8 2382.7 2402.0 1082.5

Table 3.1: Results of the monodirectional and bidirectional labeling algorithm.
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computational times are equal. Especially, on the random instances with 50 customers;

using elementary paths results in significant lower computational times than using the

ng-paths. Furthermore, the elementary paths are able to find an upper bound for more

instances, i.e., in more instances a feasible solution is found when using the elementary

paths. Therefore, the BP algorithm using elementary paths performs slightly better

than using the ng-paths.

When generating the ng-paths, the parameter ∆ is set to 10, i.e., the ten nearest

neighborhoods are taken into account. Lowering ∆ leads to worse results and increasing

∆ leads to results similar to the elementary algorithm. When ∆ is small, many cycles

are allowed which leads to an increase in the solution space of possible routing solutions.

Although dominance criterion 2 is easier to solve, the increased solution space makes

the labeling algorithm for the VRPMTW more difficult to solve. Since the route

relaxation does not seem to improve the results, the experiments were continued using

elementary paths in the labeling algorithm.

Improved initial solution

In the previous section, the BP algorithms start with an infeasible initial solution

in which all customers are contained in single route. To improve the upper bound,

we create an initial feasible routing solution using the heuristic method proposed in

Hoogeboom et al. [forthcoming]. When starting the BP algorithm, this initial feasible

solution is used in the master problem so we immediately obtain an initial upper

bound. The maximum computation time of the heuristic method is set to two minutes

and the routes in the final solution are used as the initial columns of the BP algorithm.

The results of the BP algorithm with and without this initial feasible solution are

shown in Table 3.2 for the instances with 50 customers. For both approaches, the

difference between the final upper and lower bound is presented in column “Gap”.

For the algorithm with the feasible initial solution, the objective of the initial solution

is presented in “InUB” and the time to calculate this initial solution is presented in

“InT”.

The results of the instances with 10 and 25 customers are presented in Table C.2 in

Appendix C.4. These instances are easy to solve and in this case an improved initial

upper bound is not needed. For these instances, the computational time increases

when the feasible initial solution is used since the computational time of the heuristic

approach is added to the total computational time. Only for instance cm105 with ten

customers, the computational time decreases when using the feasible initial solution.

For the 50 customer instances, the computational time of the BP algorithm with and

without the feasible initial solution is similar and the number of instances solved is

also the same for both approaches. The computational time to find the feasible initial

solution is, on average, 31 seconds and in 9 of the 14 solved instances the optimal

solution is found by the heuristic method. If we look at the solved instances then

fewer branch-and-bound nodes are evaluated when using the heuristic initial solution

approach. For the unsolved instances with an upper bound found in both approaches,
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no initial solution feasible initial solution

Instance |N ′| time rootLB bestLB Gap Nnode time rootLB bestLB InUB Gap Nnode

rm101 50 27 1147.5 1159.6 0.0% 36 70 1147.5 1159.6 1159.6 0.0% 34
rm102 50 868 1096.4 1120.6 0.0% 1024 881 1096.4 1120.6 1126.2 0.0% 1030
rm103 50 358 1080.6 1095.2 0.0% 296 370 1080.6 1095.2 1104.7 0.0% 272
rm104 50 353 1081.7 1097.2 0.0% 334 412 1081.7 1097.2 1105.3 0.0% 360
rm105 50 270 1066.4 1080.3 0.0% 198 281 1066.4 1080.3 1080.3 0.0% 176
rm106 50 418 1093.7 1109.4 0.0% 464 438 1093.7 1109.4 1109.4 0.0% 470
rm107 50 286 1080.0 1095.2 0.0% 272 275 1080.0 1095.2 1095.2 0.0% 234
rm108 50 494 1088.0 1105.8 0.0% 858 478 1088.0 1105.8 1109.5 0.0% 790
rcm101 50 15 1035.9 1035.9 0.0% 0 32 1035.9 1035.9 1035.9 0.0% 0
rcm102 50 3600 1095.9 1127.3 - 1971 3600 1095.9 1127.7 1150.8 2.1% 1977
rcm103 50 3600 1067.1 1099.3 7.6% 1404 3600 1067.1 1097.1 1126.3 2.7% 1447
rcm104 50 3600 1069.1 1103.0 3.7% 1402 3600 1069.1 1102.7 1116.5 1.3% 1418
rcm105 50 4 1066.6 1066.6 0.0% 0 18 1066.6 1066.6 1066.6 0.0% 0
rcm106 50 3600 1090.9 1118.6 7.7% 1786 3600 1090.9 1118.7 1150.3 2.8% 1846
rcm107 50 144 1150.3 1187.9 0.0% 366 170 1150.3 1187.9 1187.9 0.0% 384
rcm108 50 44 1175.9 1210.1 0.0% 174 55 1175.9 1210.1 1210.1 0.0% 134
cm101 50 3600 4984.0 5000.6 0.3% 1170 3600 4984.0 5001.2 5138.3 0.2% 1259
cm102 50 3600 4968.1 4987.2 - 2310 3600 4968.1 4987.2 5030.8 0.9% 2305
cm103 50 3600 4994.6 5017.5 - 3696 3600 4994.6 5018.4 5064.2 0.9% 3762
cm104 50 3600 5013.6 5034.9 - 6000 3600 5013.6 5035.2 5059.4 0.5% 6013
cm105 50 3600 4917.5 4928.3 - 795 3600 4917.5 4928.1 4963.6 0.7% 809
cm106 50 3600 4928.3 4945.4 - 1085 3600 4928.3 4944.8 4947.7 0.1% 1180
cm107 50 200 4968.7 4986.0 0.0% 164 159 4968.7 4986.0 5000.8 0.0% 116
cm108 50 475 4923.3 4935.3 0.0% 174 462 4923.3 4935.3 4935.3 0.0% 148

average 50 1664.8 2382.7 2402.0 1082.5 1670.9 2382.7 2401.9 2419.8 0.5% 1090.2

Table 3.2: Results of BP algorithm with and without an initial feasible solution.

the average gap between the lower and upper bound is 1.7% and 4.8% respectively for

the algorithm with and without the feasible initial solution. Hence, for the difficult

instances the feasible initial solution improves the performance of the BP algorithm.

Therefore, we will use the heuristic method to generate an initial solution for the

difficult instances but not for the easy instances. Note that for the 50 customer

instances, the feasible initial solution is only 0.3% higher than the final upper bound

so this is a good solution to start with.

3.5.2 Cuts

In the BCP algorithm, cuts are added to the BP algorithm to strengthen the lower

bound. In Tables 3.3 and 3.4 the impact of the SR cuts is illustrated for instances

with 10, 25 and 50 customers. Hence, the BP algorithm is compared to the BCP

algorithm. As expected, the lower bound improves when using the SR cuts. On

average, the root lower bound increases with 0.8% when using the SR cuts, leading to

significant accelerations in computational time, up to 58% on average. As the lower

bound improves when using the BCP algorithm, fewer branch-and-bound nodes have to

be explored which results in a significant reduction of the number of nodes (on average
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3.5. Results

BP BCP

Instance |N ′| time rootLB bestLB Gap Nnode time rootLB bestLB Gap Nnode Ncut

rm101 10 1 311.9 311.9 0% 0 0 311.9 311.9 0% 0 1
rm102 10 0 297.8 297.9 0% 2 0 297.9 297.9 0% 0 2
rm103 10 1 294.0 297.9 0% 4 0 297.9 297.9 0% 0 5
rm104 10 0 290.2 295.1 0% 6 0 295.1 295.1 0% 0 3
rm105 10 0 293.6 295.1 0% 8 0 295.1 295.1 0% 0 3
rm106 10 0 297.9 297.9 0% 0 0 297.9 297.9 0% 0 0
rm107 10 0 299.8 299.8 0% 0 0 299.8 299.8 0% 0 0
rm108 10 0 293.8 297.9 0% 4 0 297.9 297.9 0% 0 3
rcm101 10 10 253.2 265.9 0% 96 2 265.9 265.9 0% 0 18
rcm102 10 2 264.6 273.4 0% 30 0 273.4 273.4 0% 0 12
rcm103 10 0 265.9 267.8 0% 8 1 267.8 267.8 0% 0 9
rcm104 10 4 251.9 268.4 0% 98 0 268.4 268.4 0% 0 22
rcm105 10 5 253.1 269.3 0% 140 1 269.3 269.3 0% 0 23
rcm106 10 0 269.9 270.7 0% 4 0 270.7 270.7 0% 0 3
rcm107 10 0 280.3 280.3 0% 0 0 280.3 280.3 0% 0 0
rcm108 10 0 285.3 285.3 0% 0 0 285.3 285.3 0% 0 0
cm101 10 6 976.2 990.5 0% 118 15 990.3 990.5 0% 2 57
cm102 10 14 973.4 990.1 0% 294 11 988.4 990.1 0% 2 99
cm103 10 1 980.4 988.5 0% 30 0 988.5 988.5 0% 0 19
cm104 10 1 984.1 988.1 0% 20 0 988.1 988.1 0% 0 16
cm105 10 713 969.2 988.3 0% 5194 22 985.9 988.3 0% 6 64
cm106 10 0 970.8 971.1 0% 6 1 971.1 971.1 0% 0 9
cm107 10 0 970.9 970.9 0% 0 0 970.9 970.9 0% 0 0
cm108 10 0 966.4 966.4 0% 0 0 966.4 966.4 0% 0 0

average 10 31.6 512.3 517.9 0% 252.6 2.2 517.7 517.9 0% 0.4 15.3

rm101 25 3 662.0 671.6 0% 18 3 671.5 671.6 0% 2 35
rm102 25 15 622.9 639.2 0% 102 13 630.2 639.2 0% 8 106
rm103 25 2 623.5 626.9 0% 8 0 626.9 626.9 0% 0 14
rm104 25 6 625.0 635.8 0% 54 8 632.8 635.8 0% 6 103
rm105 25 4 613.3 625.2 0% 22 1 625.2 625.2 0% 0 19
rm106 25 1 619.1 622.6 0% 2 1 622.6 622.6 0% 0 24
rm107 25 6 626.7 636.5 0% 56 7 636.5 636.5 0% 0 71
rm108 25 3 612.7 619.6 0% 18 1 619.6 619.6 0% 0 29
rcm101 25 1 548.2 548.2 0% 0 1 548.2 548.2 0% 0 0
rcm102 25 1 578.7 578.7 0% 0 1 578.7 578.7 0% 0 0
rcm103 25 0 557.1 557.1 0% 0 1 557.1 557.1 0% 0 0
rcm104 25 1 559.8 559.8 0% 0 0 559.8 559.8 0% 0 0
rcm105 25 1 561.1 561.1 0% 0 1 561.1 561.1 0% 0 0
rcm106 25 0 569.6 569.6 0% 0 0 569.6 569.6 0% 0 0
rcm107 25 0 574.7 574.7 0% 0 1 574.7 574.7 0% 0 0
rcm108 25 0 581.2 581.2 0% 0 0 581.2 581.2 0% 0 10
cm101 25 64 2497.6 2511.5 0% 146 89 2507.2 2511.5 0% 14 182
cm102 25 95 2475.7 2490.7 0% 266 165 2488.2 2490.7 0% 14 159
cm103 25 32 2492.5 2512.1 0% 130 38 2507.5 2512.1 0% 16 176
cm104 25 51 2503.2 2522.3 0% 322 9 2522.3 2522.3 0% 0 79
cm105 25 354 2462.5 2474.4 0% 584 96 2471.1 2474.4 0% 12 76
cm106 25 6 2467.6 2467.9 0% 4 3 2467.9 2467.9 0% 0 3
cm107 25 5 2480.2 2486.4 0% 12 7 2485.8 2486.4 0% 2 29
cm108 25 1 2464.0 2464.0 0% 0 1 2464.0 2464.0 0% 0 0

average 25 27.2 1224.1 1230.7 0% 72.7 18.6 1229.6 1230.7 0% 3.1 46.5

Table 3.3: Results of including SR cuts on instances with 10 and 25 customers.
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BP BCP

Instance |N ′| time rootLB bestLB InUB Gap Nnode time rootLB bestLB InUB Gap Nnode Ncut

rm101 50 70 1147.5 1159.6 1159.6 0.0% 34 53 1159.6 1159.6 1159.6 0.0% 0 53
rm102 50 881 1096.4 1120.6 1126.2 0.0% 1030 513 1114.4 1120.6 1126.2 0.0% 16 344
rm103 50 370 1080.6 1095.2 1104.7 0.0% 272 503 1092.0 1095.2 1104.7 0.0% 8 265
rm104 50 412 1081.7 1097.2 1105.3 0.0% 360 439 1094.2 1097.2 1105.3 0.0% 12 257
rm105 50 281 1066.4 1080.3 1080.3 0.0% 176 87 1080.3 1080.3 1080.3 0.0% 0 80
rm106 50 438 1093.7 1109.4 1109.4 0.0% 470 250 1106.5 1109.4 1109.4 0.0% 6 202
rm107 50 275 1080.0 1095.2 1095.2 0.0% 234 471 1092.7 1095.2 1095.2 0.0% 8 158
rm108 50 478 1088.0 1105.8 1109.5 0.0% 790 452 1101.5 1105.8 1109.5 0.0% 32 377
rcm101 50 32 1035.9 1035.9 1035.9 0.0% 0 32 1035.9 1035.9 1035.9 0.0% 0 0
rcm102 50 3600 1095.9 1127.7 1150.8 2.1% 1977 1369 1137.9 1150.8 1150.8 0.0% 112 1681
rcm103 50 3600 1067.1 1097.1 1126.3 2.7% 1447 1641 1108.2 1126.3 1126.3 0.0% 92 1451
rcm104 50 3600 1069.1 1102.7 1116.5 1.3% 1418 275 1112.4 1116.5 1116.5 0.0% 8 117
rcm105 50 18 1066.6 1066.6 1066.6 0.0% 0 18 1066.6 1066.6 1066.6 0.0% 0 0
rcm106 50 3600 1090.9 1118.7 1150.3 2.8% 1846 1375 1130.6 1150.3 1150.3 0.0% 50 974
rcm107 50 170 1150.3 1187.9 1187.9 0.0% 384 24 1187.9 1187.9 1187.9 0.0% 0 49
rcm108 50 55 1175.9 1210.1 1210.1 0.0% 134 25 1209.9 1210.1 1210.1 0.0% 2 31
cm101 50 3600 4984.0 5001.2 5138.3 0.2% 1259 3600 5000.5 5005.9 5138.3 2.6% 27 274
cm102 50 3600 4968.1 4987.2 5030.8 0.9% 2305 1035 4986.6 4991.7 5030.8 0.0% 32 247
cm103 50 3600 4994.6 5018.4 5064.2 0.9% 3762 544 5020.4 5024.1 5064.2 0.0% 32 321
cm104 50 3600 5013.6 5035.2 5059.4 0.5% 6013 1471 5039.5 5054.2 5059.4 0.0% 142 741
cm105 50 3600 4917.5 4928.1 4963.6 0.7% 809 3600 4925.7 4934.1 4963.6 0.03% 42 293
cm106 50 3600 4928.3 4944.8 4947.7 0.1% 1180 1975 4940.7 4947.4 4947.7 0.0% 12 246
cm107 50 159 4968.7 4986.0 5000.8 0.0% 116 75 4985.3 4986.0 5000.8 0.0% 2 58
cm108 50 462 4923.3 4935.3 4935.3 0.0% 148 275 4923.7 4935.3 4935.3 0.0% 20 164

average 50 1670.9 2382.7 2401.9 2419.8 0.5% 1090.2 837.6 2402.2 2407.8 2419.8 0.1% 27.3 349.3

Table 3.4: Results of including SR cuts on instances with 50 customers.

98% compared to the BP algorithm). For the BCP algorithm, almost all instances

with 10 customers are solved in the root node. For the instances with 50 customers,

the BCP algorithm was able to solve all but two instances, while the BP algorithm

could not solve 10 instances. The number of cuts added to the formulation increases

when the instance is more difficult to solve and more customers have to be serviced.

Based on these results, one can conclude that the BCP algorithm outperforms the BP

algorithm.

3.5.3 Results BCP algorithm

To further explore the performance of the BCP algorithm, the algorithm is evaluated

on more challenging instances. In Table 3.5, the results of the BCP algorithm on

instances with 75 and 100 customers are reported. The computational time is set to

a maximum of two hours and only the instances for which the root node is solved are

reported. Of the instances with 75 customers, six of the 24 instances are solved within

one hour and ten instances within two hours computational time. For the instances

with 100 customers, two instances are solved within one hour. The root node is solved

for all instances with 75 customers and for 17 instances with 100 customers. The gap

between the upper and lower bound is on average 0.6% and 1.2% compared to the

upper bound for the 75 and 100 customer instances, respectively. From all instance
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sets (RM, RCM, CM) the last instances, containing only few time windows, are more

often solved to optimality. Furthermore, Table 3.3 and 3.4 also show that on average

the computational time of the last instances of a set are lower. The first instances

of a set have 5–10 time windows per customer, this amount decreases to 1–3 time

windows for the last instances in a set. Hence, instances with many time windows are

more difficult to solve since more time windows have to be evaluated in the start time

function. Therefore, the complexity of the labeling algorithm increases. Overall, the

computational time of the RM and RCM instances are lower than of the CM instances.

Hence, the instances in which the customers are clustered are more difficult to solve

than the instances with random customer locations.

In the previous experiments, the results on the set 1 Solomon instances were reported.

The Set 2 Solomon instances have a longer planning horizon and are more difficult to

solve. The results of the BCP on the set 2 instances with 10 and 25 customers are

shown in Table 3.6. For instances with 10 customers, we did not use the heuristic

solution method to create an initial solution. The instances with 10 customers are all

solved in the root node and almost no SR cuts are added. These instances appear

easy to solve, since for only four instances the computational time is higher than one

second. However, the BCP algorithm is only capable of solving two instances of the 25

customer instances. The root node is not solved in the 23 instances. Due to the long

planning horizon, all 25 customers should be scheduled together in a single route. The

more customers in a route, the more combinations of time windows are possible which

results in a very difficult pricing subproblem. The only two instances which are solved

in a time limit of two hours, have only one to three time windows per customer and

the customers are clustered.

3.6 Conclusions and future research

Multiple service time windows per customer arise in many practical settings such as

long-haul-transport, distribution of industrial gases, city trips and package delivery.

Because of the multiple time windows, the duration of a route does not only depend

on the customers sequence but also on the departure time from the depot. The

complexity increases compared to a single time window setting, since multiple time

window combinations have to be taken into account. All existing solution methods

for the VRPMTW are based on heuristic approaches. We are the first to propose a

branch-and-cut-and-price algorithm to exactly solve the VRPMTW. The master prob-

lem is solved using column generation and a tailored labeling algorithm is developed

to solve the pricing problem. In this labeling algorithm, start time intervals are used

that presents the start time of servicing a customer such that the preceding customers

in a path can feasibly be serviced. These intervals are used to determine the routes

with minimum duration. By exploiting the structure of the start time intervals, new

strong dominance criteria for the pricing problem are proposed. The computational

experiments show that the algorithm solves instances up to 100 customers and almost

all instances with 50 customers, and a short planning horizon are solved. Instances with
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Instance |N ′| time rootLB bestLB InUB Gap Nnode Ncut

rm101 75 - 1625.1 1640.9 1693.1 3.2% 204 1389
rm102 75 - 1555.9 1565.5 1583.6 1.2% 72 614
rm103 75 - 1526.1 1529.7 1550.7 1.4% 14 202
rm104 75 - 1526.1 1531.9 1550.0 1.2% 25 286
rm105 75 4534 1509.7 1513.1 1517.3 0.0% 8 178
rm106 75 359 1533.2 1533.2 1537.2 0.0% 0 74
rm107 75 793 1518.5 1519.7 1543.5 0.0% 2 113
rm108 75 - 1545.7 1551.9 1555.5 0.2% 75 665
rcm101 75 - 1613.2 1613.2 1630.2 1.1% 1 103
rcm102 75 - 1696.5 1704.4 1730.4 1.5% 32 156
rcm103 75 - 1665.2 1674.5 1732.9 3.5% 36 163
rcm104 75 - 1674.6 1686.0 1720.0 2.0% 55 215
rcm105 75 - 1693.5 1704.0 1731.4 1.6% 46 164
rcm106 75 - 1707.8 1721.2 1727.2 0.3% 115 343
rcm107 75 2022 1777.4 1793.7 1794.6 0.0% 104 592
rcm108 75 885 1829.0 1843.3 1843.3 0.0% 54 605
cm101 75 4538 7569.8 7576.4 7640.1 0.0% 20 326
cm102 75 - 7569.5 7578.8 7611.5 0.4% 87 433
cm103 75 5239 7616.1 7626.8 8074.1 0.0% 152 762
cm104 75 5002 7644.6 7662.0 7711.8 0.0% 272 1083
cm105 75 - 7507.4 7514.3 7561.7 0.6% 57 267
cm106 75 - 7518.1 7525.3 7704.7 2.4% 9 157
cm107 75 1628 7541.1 7545.2 7650.1 0.0% 12 152
cm108 75 1032 7474.3 7477.5 7553.0 0.0% 6 98

average 75 2603.2 3601.6 3609.7 3664.5 0.6% 60.8 380.8

rm101 100 - 1989.7 1992.8 2056.9 3.2% 5 162
rcm101 100 - 2043.3 2043.3 2074.7 1.5% 1 106
rcm102 100 - 2149.3 2154.3 2183.0 1.3% 25 127
rcm103 100 - 2108.6 2114.9 2159.5 2.1% 16 115
rcm104 100 - 2115.9 2123.8 2152.4 1.3% 35 255
rcm105 100 - 2147.9 2157.7 2200.0 2.0% 31 156
rcm106 100 - 2143.1 2153.8 2184.5 1.4% 53 264
rcm107 100 - 2293.1 2307.5 2318.7 0.1% 319 1485
rcm108 100 1154 2339.8 2350.4 2360.1 0.0% 56 419
cm101 100 - 10075.5 10077.8 10337.5 2.6% 10 168
cm102 100 - 10088.6 10096.4 10238.4 1.4% 28 181
cm103 100 - 10141.1 10152.9 10413.5 2.6% 71 358
cm104 100 - 10205.4 10225.5 10325.5 1.0% 332 769
cm105 100 - 9989.6 9995.7 10088.7 0.9% 41 277
cm106 100 - 10003.9 10008.0 10065.2 0.6% 7 124
cm107 100 - 10062.4 10069.8 10110.6 0.4% 19 216
cm108 100 2733 9968.9 9976.0 9987.3 0.0% 30 211

average 100 1943.5 5874.5 5882.4 5956.3 1.2% 63.5 317.2

Table 3.5: Results of the BCP on instances with 75 and 100 customers.

a long planning horizon are more difficult to solve since more customers in one route

significantly increase the complexity of the labeling algorithm. Furthermore, including
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Instance |N ′| time rootLB bestLB InUB Gap Nnode Ncut

rm201 10 0 288.9 288.9 - 0.0% 0 3
rm202 10 0 272.8 272.8 - 0.0% 0 0
rm203 10 1 272.8 272.8 - 0.0% 0 0
rm204 10 0 272.8 272.8 - 0.0% 0 0
rm205 10 0 272.8 272.8 - 0.0% 0 0
rm206 10 0 272.8 272.8 - 0.0% 0 0
rm207 10 0 272.8 272.8 - 0.0% 0 0
rm208 10 0 272.8 272.8 - 0.0% 0 0
rcm201 10 9 237.5 237.5 - 0.0% 0 0
rcm202 10 46 237.9 237.9 - 0.0% 0 0
rcm203 10 84 237.5 237.5 - 0.0% 0 0
rcm204 10 70 237.5 237.5 - 0.0% 0 0
rcm205 10 0 237.5 237.5 - 0.0% 0 0
rcm206 10 84 237.5 237.5 - 0.0% 0 0
rcm207 10 0 237.5 237.5 - 0.0% 0 0
rcm208 10 1 237.5 237.5 - 0.0% 0 0
cm201 10 1 1034.5 1034.5 - 0.0% 0 1
cm202 10 0 1032.7 1032.7 - 0.0% 0 0
cm203 10 0 1039.3 1039.3 - 0.0% 0 0
cm204 10 1 1040 1040 - 0.0% 0 0
cm205 10 0 1034.9 1034.9 - 0.0% 0 0
cm206 10 0 1040.7 1040.7 - 0.0% 0 0
cm207 10 0 1067.6 1067.6 - 0.0% 0 4
cm208 10 0 1041.5 1041.5 - 0.0% 0 0

average 12.4 517.9 517.9 - 0.0% 0.3

cm202 25 - 2481.0 2481.0 2481.4 0.02% 1 1
cm207 25 260 2526.7 2526.7 2691.0 0.0% 0 21
cm208 25 78 2485.4 2485.4 2813.2 0.0% 0 7

Table 3.6: Results of the BCP on the set 2 Solomon instances with 10 and 25 customers.

more time windows per customer increase the complexity.

In future research, solution methods can be developed that improve the performance on

instances with many customers in one route. For example, by developing more powerful

heuristic solution methods to find columns with negative reduced cost. Furthermore,

routing problems with multiple time windows can be combined with other features,

e.g., with time-dependent travel times or with outsourcing possibilities.
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